Applying well properties of homogeneous functions, some monotonicity results for the ratio of two-parameter symmetric homogeneous functions are presented, which give an easier access to find two-parameter symmetric homogeneous means having ratio simple monotonicity properties proposed by L. Losonczi. As an application, a chain of inequalities of ratio of bivariate means is established.
Introduction
Also, S p,q a, a a. In a few years, Chen and Qi 4-7 also proved equivalent results. In 8 the author has proven that inequality 1.1 is valid for power means of certain order, logarithmic, identric, and the Heronian mean of order ω. Neuman Let M p,q p, q ∈ R be a two-parameter, symmetric, and homogeneous mean defined for positive variables and let us form the ratio
For what means M p,q has this ratio simple monotonicity properties? The more general form of two-parameter, symmetric, and homogeneous means is the so-called two-parameter homogenous functions first introduced by Yang 13 . For conveniences, we record it as follows. Definition 1.1. Assume that f: R × R → R ∪ {0} is n-order homogeneous, and continuous and exists first partial derivatives and a, b ∈ R × R , p, q ∈ R × R.
If f x, y > 0 for x, y ∈ R × R with x / y and f x, x 0 for all x ∈ R , then define that
where
and f x x, y and f y x, y denote first-order partial derivative for first and second variables of f x, y , respectively.
If f x, y > 0 for all x, y ∈ R × R , then define further
p q 0 .
1.14
Since f x, y is a homogeneous function, H f a, b; p, q is also one and called a homogeneous function with parameters p and q, and simply denoted by H f p, q sometimes.
The aim of this paper is to investigate the monotonicity of the ratio defined by
and presents four types of monotonicity of R f p, q in the parameters p and q, which give an easier access to find two-parameter symmetric homogeneous means having ratio simple monotonicity properties mentioned by Losonczi 12 .
Properties and Lemmas
Before formulating our main results, let us recall the properties and lemmas of two-parameter homogeneous functions. is well behaved, whose properties as useful lemmas read as follows.
Lemma 2.4 see 14, 1.14 , 1.15 , 2.10 , 2.11 . Suppose that f : R × R \ { x, x : x ∈ R } → R is a symmetric, n-order homogenous and three-time differentiable function. Then
Remark 2.5. If f 1, 1 : lim x → 1 f x, 1 > 0, then T t can be extended continuously by defining T 0 : lim t → 0 T t ln f 1, 1 , with the result that T t is also three times derivable at t 0. Particularly, T 0 : n ln G. Thus 2.6 can be written as
Lemma 2.6 see 14, Lemma 3, 4 . Suppose that f : 
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Based on properties and lemmas above, the author has investigated the monotonicity and log-convexity of two-parameter homogeneous functions and obtained a series of valuable results in 13, 14 , which yield some new and interesting inequalities for means. Recently, two results on monotonicity and log-convexity of a four-parameter homogeneous containing Stolarsky mean and Gini mean have been presented in 15 .
In the processes of proofs on 13-15 , two decision functions play an important role, which where x a t , y b t . Moreover, it is easy to verify that T 2 x, y and T 3 x, y both are zero-order homogeneous functions due to homogeneity of f x, y , and thus,
2.19

Main Results and Proofs
Next let us consider the monotonicities of ratio of two-parameter homogeneous functions defined by 1.15 . In what follows, we always assume b/a / d/c. 
3.3
It follows that
This proof is completed.
The next monotonicity result is a direct corollary of Theorem 3.1 actually. Proof. Under the same conditions as Theorem 3.1, the function R f p, q is strictly increasing decreasing in either p or q. Hence for p 1 , p 2 ∈ R with p 1 < p 2 , we have
which indicates that the function R f p, p m is strictly increasing decreasing with p. The proof ends.
To investigate the third and fourth monotonicity properties, we need a useful lemma. According to the property of definite integral of odd functions, our required result is obtain immediately. This lemma is proved. 
3.13
Since T 3 1, u is strictly increasing decreasing with u > 1, by 2.18 and 1.2 , we have always
3.14 It follows from 2t − 1 ≥ 0 t ∈ 1/2, 1 that ∂ ln R f p, 2m − p /∂p is positive negative if |t 1 t | > |t 2 t |, zero if |t 2 t | |t 2 t |, and negative positive if |t 1 t | < |t 2 t |. However,
and hence
3.16
This completes the proof. 
